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The flotation of small particles is one of the considerable global challenges facing the mineral raw materials processing 
industry today. In the recent 10 years, the effects of cavitation Nanobubbles (NB) on the efficiency of selective flotation of 
fine and ultrafine mineral particles have been explored in several experimental studies. Since the findings obtained in these 
studies are inconsistent and contradictory, there has been a need for a theoretical assessment of the potential of the above 
approach for practical applications in the area of poor fine-disseminated ores beneficiation. Application of the kinetic laws, 
describing the behavior of dispersed systems in a turbulent flow, has allowed establishing that, similar to flocculants, NB 
could bind hydrophobic particles into large aggregates and thus increase the efficiency of their capture by conventional 
coarse bubbles in flotation. It has been demonstrated that the optimal volumetric dose of NB per unit mass of particles could 
be calculated by the formula 2 b p pf d d ρ= , where db is NB size, and dp and ρp – respectively are the size and density of particles. 
Based on the real data, the optimal numerical concentration of NB was calculated, and the established value was found to be 
in the range (108-109) mL/L. The essential factor that limits practical applications of NB resides both in the low productivity 
of the known methods of NB generation and in the engineering difficulties of producing NB in sufficient quantities directly 
in the pulp. The last, but not the least important limiting factor is that the low concentration of small particles of valuable 
mineral in real pulps leads to very slow growth of such aggregates since the turbulence level in the flotation machines is 
almost by two orders of magnitude lower than the level required.

Introduction

Fine particles pose big challenges. The reason for that is obvious - the finer the particles are, the bigger the share of non-
ferrous and rare metals lost into the mineral flotation tailings. This can be attributed to the effectiveness of the particle capture 
by a rising bubble, which, to a first approximation, is proportional to the square of the ratio of their sizes [1-6]. Thus, when 
the particle size decreases twofold, their floatability accordingly decreases fourfold, resulting in even higher growth of mineral 
beneficiation costs. For over 100 years, much effort has been invested in studies and tests for various ways to solve this problem 
[7]; however, so far, a universal solution has not been put forward. For example, one of the methods proposed involves increasing 
the particle size by aggregating them through the use of selective flocculants [8-11]. The second method has suggested to place 
small particles on larger carrier particles [11-15]. Another proposed approach involves the application of bubbles that have a size 
that is comparable to or not significantly larger than the size of the particles [16,17]. And though this method is being practiced 
in industrial water purification [18,19], it is not actually suitable for mineral raw materials beneficiation applications as the rising 
velocity of bubbles smaller than 100 µm is very low, and their generation in large amounts faces a number of engineering hurdles.

It has long been noted [20] that even small amounts of fine bubbles used in combination with conventional coarse bubbles 
lead to significant improvements in the flotation process. A theoretical justification for this phenomenon was given in [21], and 
the method of applying small bubbles in combination with coarse ones has been termed combined microflotation. The essential 
feature of this method is that small bubbles not only act as carriers for small particles, but besides, as it has been demonstrated 
in [22], assisted by these particles, they can combine into aggregates that can be effectively floated by coarse bubbles. Thus, 
hydrophobic particles serve as a connection link both between small bubbles and between their aggregates and coarse bubbles. 
The paper [22] provides the assessment of the optimal volume dose of small bubbles per unit mass of floated particles, which is 
determined by the formula
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where db is the size of small bubbles, and dp and ρp respectively present the size and the density of particles. In the recent 10 years, 
the idea of applying nanobubbles for the purpose of promoting the flotation process of fine and ultrafine particles (below 10 µm 
in size) [23-29] has aroused substantial scientific interest since nanobubbles, as flocculants are able to bind such particles into 
aggregates and thus increase their floatability by coarse bubbles. The purpose of this study is to evaluate whether such combined 
nano-flotation has viable perspectives in terms of practical applications.

Nano-Bubble Generation

The best-known conventional way for producing Nanobubbles (NB) generation is based on the cavitation effect, where 
bubbles are generated from gas dissolved in water in a low-pressure zone. The easiest and most accessible method involves 
passing the air dispersion in a surfactant water solution through a device similar to a Venturi tube [30,31]. At the inlet to the 
tube, increased pressure is created, and thus, part of the air dissolves in water and releases in the form of nano- and  micro-
bubbles (MB) at the outlet of the tube into the normal pressure zone. Another option is to preliminary dissolve the air in a 
surfactant solution at high pressure and then release the solution thus obtained through a narrow tube into a medium with 
normal pressure [26]. In this case, besides NB, a considerable amount of MB will also be produced. We have used the data 
presented in [32] to produce the illustrative example shown in Figure 1 of the approximate frequency distribution of bubbles by 
size, which demonstrates that NB concentrate in the size range of 0.05 - 0.5 µm, MB concentrate in the range of 10 -1000 µm, 
whereas in the range of 1-10 µm there are practically no bubbles. This fact suggests that it is possible to separate NB from MB by 
the sedimentation of the latter, as was done in [31,33]. Recent theoretical studies [34-36] have shown that the existence of stable 
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NBs and their absence in the region of 1-10 μm can be attributed to the ratio of opposing 
capillary and electrostatic forces. In accordance with the Young-Laplace equation, the 
pressure that surface tension exerts on the gas inside the bubble is determined by the 
relation
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where Rb is the bubble radius and γ is its surface tension. It can be easily calculated that 
the pressure created by capillary forces inside a bubble of 50 nm radius shall be around 
30 bar, and, according to Henry’s law, this should lead to dissolving the air present inside 
the bubble in water in microseconds. However, recently, it has been shown [37] that the 
bubble surface, even in distilled water, is always negatively charged due to the adsorption 
of OH− and HCO3

− ions. The presence of this charge produces the pressure due to the 
electrostatic repulsion of similar charges, and this pressure will be directed outward of the 
bubble. The value of this pressure can be estimated by the formula
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where Qs is the total surface charge, ε is dielectric permutability of the medium and,  
24s bQ Rσ π=  - is the surface charge density. Combining equations (2) and (3), we 

obtain the backpressure equilibrium condition in the form
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Equation (4) suggests that sufficiently small bubbles with a high charge density and 
low surface tension may have a chance at least not being instantly dissolved.

It seems, it could be incorrect to assume that bubbles of 1-10 microns in size are 
not forming in the cavitation process. As it is known, cavitation bubbles tend to collapse 
producing a cumulative jet capable of destroying metal objects. It is possible that bubbles 
of the indicated size range are so short-lived that they are almost impossible to be 
registered, although there are publications showing the acts of their collapse filmed by 
high-speed photography (Figure 1).

Optimal NB Dose

The optimal NB dose is defined as the volume NB dose per unit mass of particles 
that ensures their most effective aggregation as well as the aggregates’ flotation by 
coarse bubbles. Since NBs do not aggregate with each other or with coarse bubbles, the 
excessive dose can block both the process of particle aggregation and their flotation by 
coarse bubbles. But when the NB dose is very low, the probability of particle aggregation 
at collision will be very low, too. Copying the pattern of flocculant use [38] brings us 
to the conclusion that the optimal dose of MB must correspond to a situation when 
nanobubbles should cover half of the particle surface. Let’s assume that the numerical 
concentration of NB in the pulp is nb, and that of floated particles is np. Then the volume 
dose of NB per unit mass of particles can be expressed by the formula
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where ρp is the density of particles, 2
p p pS n dπ=  is the total surface area of particles per unit 

volume of pulp; 2 4b b bS n dπ=  is the surface area of particles that could be occupied by NB. 
Assuming in (5) 2p bS S = , then we obtain for the optimal dose NB 
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The formula (6) shows that the optimal NB dose increases with the decrease of particles 
size and density. For example, for quartz the optimal NB dose will be 4 times higher 
than that for chalcocite particles of the similar size. Applying equation (6) it can be easily 
shown that NB optimal NB volumetric concentration can be estimated by the formula
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where сp – is the mass concentration of floated particles. Thus, the optimal numerical NB 
concentration shall amount to
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Where Vb is volume of the single NB. For illustrative purposes Figure 2 shows the 
dependences of nb opt on the particle concentration cp for various particle densities ρp, and 
these dependencies clearly suggest that the optimal NB numerical concentration lies in 
the range (108 - 109) mL-1, and the optimal volumetric dose fopt = (5×10-3 - 5×10-2) mL/g of 
particles. Unfortunately, according to [31], this NB concentration could be achieved only 
if the dispersion would be passed through a Venturi tube for more than 20 times. Hence, 
more promising looks the method that involves the preliminary saturation of water with 
air at high pressure and the following throttling through a narrow channel [27]. Both 
alternatives would encounter engineering problems when applied in practice, since if the 
NB dispersion should be prepared in a surfactant solution and then fed into the pulp, this 
could result either in a strong dilution of the pulp, or could be accompanied by a strong 
decrease of the concentration of NB; or both cases may occur.

Aggregation Rate of the Particles 

Figure 3 illustrates that the process of forming aggregates of floated particles 
comprises three stages: 1- mixing particles with an optimal dose of NB; 2 - deposition of 
NB on the surface of hydrophobic particles and 3 - formation of particle aggregates with 
the aid of forming NB bridges between them. 

Figure 1: Frequency distribution of cavitation bubbles produced in Venturi tube. On 
the data from [32]. Figure 2: Dependence of the optimal NB concentration on the concentration of 

floated particles and their density: db= 0.5 µm; dp = 10 µm.

Figure 3: Stages of the combined nano-flotation of fine particles.
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Since the sedimentation of both NB and fine particles proceeds very slowly, the 
deposition of NB onto the particle surface will occur mainly due to the inhomogeneity of 
the hydrodynamic field in the flotation cell. In this case, the rate constant of the process 
can be estimated by the formula [39]
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where G is the medium average shear rate, φp is the volume concentration of particles 
in the pulp, ε(db/dp) is the probability of NB attachment on the surface of a particle at 
their collision in a simple shear field. The results obtained in [40] show that in case when 
db≪dp, the function ε(db/dp) takes the form
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where α is a parameter that depends on the nature of the surface forces of interaction 
between the particle and the NB. Thus, as it is demonstrated by formulas (9) and (10) the 
rate constant of NB deposition on the surface of particles can be obtained as
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According to the Smoluchowski equation, modified with the account of the 
aggregate’s porosity [41], that in this form describes the process of the aggregate growth 
on a simple shear hydrodynamic field, we arrive at
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where dA presents the aggregate size, p is their porosity, λ is the probability of particle 
aggregation upon their collision in a simple shear field due to the formation of NB bridges, 
depending on the ratio of surface and hydrodynamic forces. Thus, the rate constant of the 
second stage can be estimated by the formula
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Considering that α and λ parameters are smaller than unity, and next assuming these 
parameters equal to unity, it is possible to estimate the maximum value of the total rate at 
second and third stages of particle aggregation that shall be determined by the smaller of 
the two rate constants Kbp and Kpp. Since the constant Kbp differs from the constant Kpp by 
the factor 2 2 1b pd d << , then this very constant will determine the rate of particle aggregates 
growth. Figure 4 shows the dependence of Kpp max on the particles concentration and 
density; and this dependence proves that at shear rate common for flotation cells, the 
process goes very slowly. It will take at least 100 minutes to enlarge the aggregates to the 
sizes of about 70 microns. 

Experimental Data 

We have to admit that so far, the subject of the combined nano-flotation of ultrafine 
or fine particles, have not received wide coverage in the academic publications. Most 
often, NB and MB, were used simultaneously, or actually the mixture of fine and coarse 
particles was floated. Still, the findings discussed in [26] demonstrate that the application 
of NB of the size of 0.2 - 0.7 µm increases the recovery of quartz particles of an average 
size of 8 µm from 75 to 86%. Considering the particle concentration, which was 20 g/l, 
and applying the formula (8), it is possible to calculate the optimal concentration of NB, 
which was approximately 4 × 1010 NB/mL. The data discussed in [26] have also shown that 
NB application allows to increase the recovery of quartz particles of an average size of 34 
µm from 66 to 84%. In this case, the optimal concentration, calculated by formula (8), was 
9 × 109 NB/mL. Though this high concentration value of floatable particles occurs rarely, 
for example, in the scavenging flotation stage, where fine particles take up to 50 wt.%, the 
obtained results have indicated that NBs have led to the increased the floatability of not 
just ultrafine, but also fine particles.

The efficiency of combined micro- and nano-flotation of quartz particles of the size 
of below than 60 µm has been explored in [33]. And the findings have demonstrated 
that the simultaneous application of NB and MB have improved the recovery of quartz 
recovery from 72 to 79%. As the MB concentration decreases due to sedimentation, the 
recovery gradually has fallen to 73%. This result looks quite consistent if we take into 
account that the particle concentration was 40 g/l, and the NB concentration was 2×108 
mL-1, which is almost by 3 orders of magnitude below than the optimal value calculated 
by formula (8).

Conclusion

a. Theoretically, NBs can promote the flotation of fine and ultrafine particles by 
way of binding them into coarse aggregates.

b. The optimal NB dose depends on NB size, and also on the size and density of 
the particles and lies in the range (5x10-3 - 5x10-2) mL/g.

c. The optimal numerical NB concentration depends on the particle mass 
concentration, their size and density, and also on the size of NB and is in the 
range of (108-109) mL-1.

d. The limiting factors for the practical use of combined nano-flotation are: 

i. Low capacity of conventional methods of NB generation 
and engineering complexities of producing NB in sufficient 
quantities directly in the pulp; 

ii. A very low aggregates formation rate in the hydrodynamic 
field of the flotation call, and for its improvements special units 
are required which will demand high energy costs and other 
accompanying expenses.
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